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Observations of the evolution of large-scale structures in the Universe provides unique
tools to confront Einstein’s theory of General Relativity on cosmological scales. We review
weak gravitational lensing and galaxy clustering studies, discussing how these can be used
in combination in order to constrain a range of different modified gravity theories. We
argue that in order to maximise the future information gain from these probes, theoretical
effort will be required in order to model the impact of beyond-Einstein gravity in the
non-linear regime of structure formation.
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1. Introduction
There is a multitude of potentially viable beyond-GR theories that introduce a
variety of new scalar-field degrees of freedom. These new fields can couple to the
matter fields in the Universe, modifying their gravitational interactions through a
‘fifth force’. How these beyond-GR theories differ from Einstein’s famed cosmological
constant could be considered somewhat ambiguous, as in principle a ‘cosmological
constant’ can be placed on either side of Einstein’s field equations to modify them.
With what we’ll term ‘modified gravity’ theories, the modification is made to the
‘curvature’ side of the equations, the source of the gravitational field. With what
we’ll term ‘dark energy’ theories, uncoupled scalar fields, are seen as a new energy
component modifying the ‘stress-energy’ tensor. Modified gravity theories, dark
energy theories and the cosmological constant, are therefore all modifications of
GR. Where the difference between these theories is unambiguous however is how
they impact the expansion history of the Universe and the growth of structures
over time.1 Only the theories that couple to the matter field will contribute scale-
dependent alterations to the linear growth of density fluctuations, as illustrated in
Figure 1. As such the observed growth of large-scale structures over time will be
1
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inconsistent with the growth predicted from the Hubble expansion alone. In order
to confront a range of modified gravity theories and to separate them from dark
energy theories, one therefore needs a combination of observations to probe both the
expansion history and the growth of structures. In addition, in order to distinguish
between modified gravity scenarios where theories can be broadly classed by their
predictions for how matter bends space and time, and how the gravitational constant
G evolves, we also need observations that can test the ‘curvature of space’ (the
curvature potential Φ) independently from the ‘curvature of time’ (the Newtonian
potential Ψ).
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Fig. 1. The evolution of the growth factor for the linear matter power spectrum ∆m(k, z), showing
[(1+z)∆m(k, z)]/[6∆m(k, z = 5)] as a function of redshift z and scale k. The left panel corresponds
to the Hu-Sawicki f(R) model2 where the R+Λ term in the action of GR is replaced by a function
of the Ricci scalar, f(R). The promotion of R to f(R) introduces an additional degree of freedom
making the growth of structures scale-dependent in comparison to the scale-independence of the
ΛCDM case shown in the right panel. For this analysis the f(R) function is set so that at the
background level, f(R) ' R+ Λ, with an effective dark energy equation of state weff = −1 and an
amplitude |fR0| = 10−4. Figure reproduced from Ref.3
Over the coming decade a number of large-scale cosmological surveys are com-
ing online. The imaging surveys, the Large Synoptic Survey Telescope (LSST) and
Euclid, will survey over 10,000 square degrees, mapping the evolution in the growth
of large-scale structures of dark matter using a technique called weak gravita-
tional lensing. The spectroscopic surveys, the Dark Energy Spectroscopic Instru-
ment (DESI) and Euclid, will survey similar areas, mapping the 3-D distribution of
galaxies across cosmic-time. These facilities used in combination with high-precision
measurements of the early-Universe from the exquisite Planck observations of the
cosmic microwave background (CMB) will provide a wealth of observational evi-
dence to confront a range of different theories. In this chapter we describe three
large-scale structure probes; baryon acoustic oscillations, redshift-space distortions
and weak gravitational lensing, highlighting how, when used in combination, these
November 26, 2018 16:38 Heymans_Zhao
Modified Gravity Review 3
probes can break degeneracies in constraining a range of beyond-GR theories.
2. Large-Scale Structure probes
2.1. Gravitational Lensing
Large-scale structures of dark matter gravitationally deflect light rays as they travel
through the Universe, coherently distorting the distant galaxy images that we ob-
serve. This is often referred to as ‘cosmic shear’ (for a review see Ref. 4). Photons of
light from different galaxies can act as relativistic particles for a large-scale cosmo-
logical gravity experiment. In its cosmological trajectory, the light travels through
as much time as space, and hence, lensing is sensitive to the curvature of both space
and time. As lensing probes both the universal expansion of the Universe and struc-
ture formation it is a powerful tool for the study of both standard and beyond-GR
cosmological models.
Figure 2 shows the expected signal-to-noise of a measurement of the cosmic
shear power spectrum Pκ for a future deep, wide-area 15,000 square degree survey
like the Large-Survey Synoptic Telescope (LSST5). Pκ is the power spectrum of the
projected surface mass density along the line of sight and is related to the matter
power spectrum Pδ through
Pκ(`) =
∫ χH
0
Q(χ)Pδ(`/χ, χ) , (1)
where χ is the comoving radial distance and Q(χ) is a redshift-weight that combines
information about the depth of the weak lensing survey with the lensing efficiency
of foreground structures.4 As Q(χ) peaks at very roughly half the redshift of the
lensed background galaxy sample, for this z > 1 LSST forecast from Ref. 6, we can
see that the lensing measurement has its strongest constraining power in the deeply
non-linear regime around physical scales of k ∼ 1h Mpc−1.
In the lower panel of Figure 2 we compare the cosmic shear power spectrum
from Ref. 7 for two f(R) gravity models2 and an example Dilaton model.8 Here
the non-linear behaviour of the non-GR models has been calculated using a phe-
nomenological halo model approach.9 We can see that the most significant devi-
ations from GR for these models are in the non-linear regime, where the weak
lensing observations are very sensitive. This therefore strongly motivates the theo-
retical study of modifications to gravity in the non-linear regime. but with a strong
caveat. Both observational systematics and the uncertain impact of baryon feedback
on the dark matter non-linear matter power spectrum are likely to be significant on
these scales10,11
2.2. Baryon Acoustic Oscillations and Redshift Space Distortions
Observationally, scale-dependent structure growth is a smoking gun of modified
gravity, and it can in principle be probed by large spectroscopic galaxy surveys
that map the Universe from the distant past to the present epoch. By measuring
November 26, 2018 16:38 Heymans_Zhao
4 Authors’ Names
Fig. 2. Weak lensing is most sensitive to structures in the non-linear regime. In the upper panel,
the forecasted signal-to-noise ratio for the shear power spectrum Pκ(`) measured from a z > 1
sample of galaxies in an LSST-like survey. The upper axis illustrates the physical k-scales which
the projected weak lensing signal is most sensitive to. The shaded box indicates the transition
from a linear (black) to a non-linear (white) regime. The lower panel shows the difference between
the modified gravity and GR weak lensing power spectrum for f(R) gravity with |fR0| = 10−5
(F5 - black), and with |fR0| = 10−6 (F6 - pink), and an example Dilaton model (blue). Baryon
feedback also impacts the non-linear power spectrum on these scales. The dotted line compares
a dark-matter only GR power spectrum with an F6 cosmology that also includes strong AGN
feedback. The data used to create this figure was taken from Refs.6,7
redshifts from spectra of a large number of galaxies, redshift surveys produce three-
dimensional maps of the Universe in redshift space. The statistical quantities of
the clustering of the galaxies can then be used to confront a range of cosmological
models.
Galaxy clustering measurements are often separated into two regimes. Large-
scale real-space clustering measurements are used to detect an enhanced galaxy
clustering signal at ∼ 150h−1 Mpc that was imprinted in the baryonic matter dis-
tribution as a result of photon-baryon interaction in the early Universe. This fixed
‘baryon acoustic oscillation’ length scale in the distribution of galaxies acts as a
standard ruler with which to probe the geometry and background expansion of
the Universe.12 Redshift-space clustering measurements look at the relative distor-
tion in the clustering signal along and perpendicular to the line-of-sight that arises
from the peculiar motions of galaxies.13 These ‘redshift space distortions’ (RSD)
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are driven on all scales by local gravitational potentials which means that these
observations are directly related to gravity on cosmological scales and thus are a
powerful probe of gravity models. There is however a caveat that the galaxies are
a biased tracer of the total matter distribution and this bias needs to be accounted
for when comparing observations to theoretical models.
3. Observational constraints on modified gravity from combined
probe analyses
Individually both RSD and weak lensing observations can provide constraints on
beyond-GR models of gravity (see for example a recent RSD analysis in Ref. 14),
but their true power comes in their combination15 . One approach taken by many
so far is to look for consistency with GR in these observations by determining joint
constraints on phenomenological modified gravity models to observations of RSD
and weak lensing, in combination with geometry probes such as BAO and the cosmic
microwave background (CMB).
One example of a phenomenological modified gravity model is to alter the New-
tonian potential Ψ and curvature potential Φ in the Friedmann-Robertson-Walker
metric with a spatially scale-independent modification that scales with time in pro-
portion to the effective dark energy density15,17,19–21 ;
ΨMG(k, a) = [1 + µ0 η(a)] ΨGR(k, a) , (2)
ΨMG(k, a) + ΦMG(k, a) = [1 + Σ0 η(a)] [ΨMG(k, a) + ΦGR(k, a)] , (3)
where η(a) = ΩΛ(a)/ΩΛ(a = 1). For the case of GR, Σ0 = µ0 = 0. Figure 3
shows current constraints for this MG parameterisation from Ref. 17 (panel C) and
Ref. 18 (panel D). Both show constraints using weak lensing measurements from
the Canada-France-Hawaii Telescope Lensing survey (CFHTLenS,22 panel A show-
ing the tomographic shear correlation function ξ±(θ)) and a compilation of redshift
space distortion measurements (panel B showing fσ8, where f and σ8 are the loga-
rithmic growth rate and the root mean square of the density fluctuation on a scale of
8 Mpc/h, respectively, see Ref.16 for details). Focussing on panel C we see that RSD
(shown in green) is only sensitive to changes in the curvature of time µ0, as galaxies
are non-relativistic tracers of the gravitational potential. Weak lensing (shown in
red), however is sensitive to changes in both of the Bardeen potentials, as lensing
is a relativistic tracer. The combination of these two probes breaks the degener-
acy between these two phenomenological MG parameters and when combined with
BAO23 and WMAP CMB observations24 there is good consistency found with GR.
Panel D revisits this analysis using updated CMB constraints from Planck18 finding
some tension with the GR-prediction. This tension however stems from differences
between the probes even in a standard flat ΛCDM analysis.25 When combining
Planck with weak lensing data from the Dark Energy Survey26,27 the results are
found to be GR-consistent with µ0 = −0.07+0.19−0.32 and Σ0 = 0.018+0.059−0.048. As RSD and
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Fig. 3. A compilation of observational constraints. The impact of varying the parameterised
modified gravity parameters µ0 and Σ0 can be seen for weak gravitational lensing observables in
panel A. Here the tomographic shear correlation function ξ+(θ), closed circles, and ξ−(θ), open
circles, has been measured from the CFHT Lensing Survey (CFHTLenS) within a low (left) and
high (right) redshift bin. The shear correlation between the two redshift bins is also shown (centre
panel). A compilation of redshift space distortion measurements is shown in panel B, compared
to two different µ0 values. RSD is insensitive to changes in Σ0. For the details of the different
surveys shown in panel B see Ref.16 Joint constraints on Σ0 and µ0 are shown adopting CMB
measurements from WMAP (panel C) and Planck (panel D, where BSH in the inset refers to the
analysis that includes constraints from BAO, Supernovae and a prior on the Hubble constant).
Figures reproduced from Refs.16–18
weak lensing observations improve in both precision and accuracy over the coming
decade it will be interesting to see whether consistency or tension arises between
these different and independent probes.
The ‘gravitational slip’ statistic, EG,28,29 provides an alternative statistic to dis-
criminate between different MG theories by taking ratios of weak lensing, cluster-
ing and RSD measurements. Whilst a promising probe for modifications to gravity,
Ref. 30 argue that as EG primarily constrains Ωm, all systematic sources of tension
between the CMB and large-scale structure probes need to be ruled out before EG
can be used as a reliable consistency test of GR. In addition Ref. 31 and 32 show
that whilst the approach of taking ratios of observables reduces the impact of obser-
vational uncertainties relating to galaxy bias, it is still a significant source of error,
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reducing the arguably already limited constraining power of this statistic. The fu-
ture focus is therefore on joint cosmological parameter inference over all large-scale
structure and CMB observables.
A range of different phenomenological MG parameterisations exist33–36 in addi-
tion to well tested software made publicly available in order to to carry out these
analyses.37,38 It is however challenging to map any phenomenological constraints
to the underlying theories that we wish to confront. Development in this area has
been led by Refs 39, 40 that link the µ,Σ parameterisation from equations 2 and 3,
to general Horndeski theories, finding a series of consistency conditions that can
discriminate against broad classes of theories. There has also been recent focus to
use observations to directly constrain the parameters for Horndeski gravity mod-
els.41–43 All these developments are however, limited to the linear regime, where
large-scale structure observations are least constraining (see Figure 2).
Observational constraints have so far primarily focused on analysing the two-
point statistics of the density field, but there is strong motivation to look to higher-
order statistics44,45 including density-weighted two-points statistics.46–48 We have
argued the importance of analysing departures from GR in the non-linear regime. It
therefore naturally follows that as this is also the regime where the density field be-
comes non-Gaussian, information will be lost by only analysing two-point statistics.
Higher-order statistics can be challenging to model and measure observationally
and can also be subject to a different set of systematics,49 but encouraging early
results50 promotes the future importance of higher-order statistics to enhance mod-
ified gravity constraints.
4. Conclusions
Over the next decade we will see the results of the upcoming suite of ‘Stage-IV’
experiments that have been designed to constrain the dark energy equation of state
parameter to the percent level. DESI has been designed so its RSD measurements
will be able to distinguish between a range of MG theories at a high significance,
and in combination with improved CMB observations from the Simon’s Observatory,
and weak lensing measurements from Euclid and LSST, a range of sophisticated GR
tests can and will be performed on cosmological scales. Harnessing the full power of
large-scale structure probes of gravity will, however, require significant theoretical
developments to in order to accurately model modifications to gravity into the non-
linear regime.
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